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The equations 

- - a u l a x + a v l a r + v l r = o ,  d u l a r = a v / a x  (1) 

descr ibing the axieymmetric transonic flow, were obtained by T. von 
Karman ClJ. W e  s h a l l  apply them for the study of the p e c u l i a r i t i e s  
of the  passage through the speed of sound in Laval nozzles with cir- 
cular  cross  sect ions.  With t h i s  in view, we s h a l l  ass ign the distri- 

bution of the ve loc i ty  components of p a r t i c l e s  along the nozzle axis, 
io e. at  c 3: 0,  i n  the form 

u = - A  l ~ x ~ k  a t  X<O;  u -  A?x” a t  X>O. io ( 1  

( A ,  > 0, Ae > 0). (2) 
We s h a l l  consider t h a t  the values of the ind ica tor  k are 

included in the  i n t e r v a l  1 4 k ( 2 ;  i n  the respect ive gas flows, 
the acoustic?: the exponential curve, concave or bent on the side of 
the incident  flow, The problem (2 )  with k -1, w a s  s tud ied  in d e t a i l  
i n  the works [2, 33, A t  k- 2, the passage , or t r a n s i t i o n a l  l i n e  
becomes s t r a i g h t  and perpendicular t o  the symmetq axis of the  noezle 
C4- 63, 

If densif icat ion d iscont inui t ies  develop i n  the flows, the 
so lu t ions  of the equations (1) m u s t  
t i ons  a t  the wave front ,  apar t  from 

s a t i s f y  addi t iona l  boundary condi- 
the i n i t i a l  data (21, namely 
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2. 

t h e  shock polar  equation [?I 

2 ( u y  - u# = (112 - us)* (uy + us) (3) 

u r d Y 2 j d r + o ~ = u s ' d x ~ / d r + v S ,  (4) 

and the cor re la t ion  [5] 

equivalent t o  the  cont inui ty  condition of the tangent id l  component 
of the ve loc i ty  vector. In the eos-Mons ( 3 )  and (41, the ind ices  refer 
t o  parameters at  d i f f e ren t  s i d e s  of the shock f ront ,  and xy = x2(r) i a  

t h e  equation giving i ts  posit ion.  
It is easy t o  show t h a t  solution of  the problem (21, searched 

fo r ,  is self-modeling 
= r z ( n - i ) f ( g ) ,  = f 3 ( - 1 ) g ( ~ ) ,  E = n i p ,  n = 2 / (2 -4 ,  

w i t h  the shock f r o n t  equation having the form f = g2 =.. const. 

!The subs t i tu t ion  of wri t ten formulas i n t o  the system of equa- 
t i o n s  (1) and the exclusion of the function g ( 1 )  from the cor re la t ions  

obtained, give f o r  the determination of f (3) a d i f f e r e n t i a l  equation 
of the second order 

(f - ns&*) Szf /&* + (d f  / &)' + n (3n - 4 )  5 df / d5 - 4 (n - 1 ) ' f  = 0. (5)  

To s i q l i f y  the qua l i ta t ive  invezttif-ation of the problem consi- 
dered, we pos tu la te  [2, 31 

f = YF (q), dF id7  -2 y, 9 = In1 E l .  $6) 

In t he  new variables ,  the problem's (5) order  lowers: 

d Y / d F  = (- 4F - 4nY-6FY + 7FY +Y' ) / (n2  - F )  Y. (7) 
D a t a  (2) of Cauchy lead t o  the requirement t h a t  the i n t e g r a l  

curve of the equation (71, pic tur ing  the f i e l d  of v e l o c i t i e s  i n  the v ic i -  
n i t y  of nozzle's neck, begin and end in its peculiar point A ( O , O ) ,  
which corresponds t o  the  a x i s  X. In the v i c i n i t y  of A t h i s  curve is 
given by the  expansion 

FY + sI4 (n  - '/s) (n - 1) (enL - 7n - 2) 2 F +...( 8 )  y=-- 2 /? - 3 ( I t  - %) (n - 1) 
I' ~ 1 3  n6 
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The boundary conditions (3)  and (4) i n  the plane FY(wiU be 

wr i t t en  

F2 + FJ = 2n2, Ya+ Y3 = - 2 n ( 7 n - 4 ) .  (9) 

The motion along the i n t e g r a l  curve i n  the plane F?P from the  
poin t  A in the d i rec t ion  of the node C [nz, n (4 - 7n + v 2 5 n 2  - 56n 4- 321121 

descr ibes  the  gas flow i n  the i n l e t  p a r t  of the  nozzlebetwen the ariS 
x and the C_6- cha rac t e r i s t i c  a r r iv ing  a t  its center. The passing 
through t h e  point C implies the  in t e r sec t ion  of the Co-characteristic - 
i n  the Dhysical plane. By subsequent in tegra t ion  of formulas ( 6 ) ,  i t  
is easy t o  show t h a t  t h e  discont inui ty  in the i - t h  der ivat ive of the 
function Y(F) corresponds to  d iscont inui t ies  in ( i  + llderivatives 

of the  ve loc i ty  vector components over the coordinatee. Tbat is why 
the character  of flow pecul ia r i ty  on the Cz- cha rac t e r i s t i c  i s  determi- 
ned by t h e  expansion of the function 'IY(F) in the  v i c i n i t y  of the p i n t C  

'F = l/Zn (4 - 7n + ] /25n2-56n + 32 )+ 

I- (F-n' )  t a,(F - r ~ ' ) ~  + . . . + 6,  ( F  -nnZ)" + . . . (10) 

Here the coef f ic ien ts  depend only on n, the  constant b l i s  arbi- 

t r a ry ,  and the exponent A at  the first p a r t  of the irregular part is 
given by the formula 

A = - 2 v 2 5 n 2  - Stin + 32 / (4 - 7n + V25n' - 56n + 32) .  ( 1 1) 

As is well  known, t h e  exponent is equal t o  the r a t i o  of 
the  r o o t s  of the cha rac t e r i s t i c  equation determining the type of the  
p a r t i c u l a r  point C. So long as its value is d i s t i n c t  from a whole posi- 
t i v e  number, only one of the in t eg ra l s  is holomorphic, ( l o ) ,  according 
t o  the  theorem by [Brio and SukeI* C83. It is obtained'by equating the 
a r b i t r a r y  constant b l t o  zero. To the contrary,  at integral values of 
e i t h e r  a l l  the  i n t e g r a l s  of the ordinary d i f f e r e n t i a l  equation are 
representable  w i t h  the a i d  of Taglor s e r i e s ,  or none of them w i l l  be 
holornorphic. In the la t te r  case, the  representat ion (10) l o s e s  its 
s t rength ,  and  logarithimic terms appear in it. Analysis of the equation 
(7) shows, t h a t  a t  whole pos i t ive  numbers A there  is no holornorphic 

~ 

i n  t r a n s l i t e r a t i o n  * 



i n t e g r a l  a t  t h e  point C, i.e. the second poss ib i l i t y ,  acceptable by the  
s t rength  of the [Brio and Bukel*  theorem, is materialieed. 

Let  us p lo t  the flows without p e c u l i a r i t i e s  i n  the derivatives 
of the ve loc i ty  components over the coordinate6 on the C'-characteristic 
w i t h  the  a i d  of i n t e g r a l s  corretponding t o  mixed values of the exponent 
In  them, the current l i n e s  a t  in te rsec t ion  points with the C:-characteri- 
s t i c  are a l s o  devoid of pecu l i a r i t i e s ,  and therefore  no a r t i f i c i a l  approach, 
imparting a spec ia l  shape t o  nozzle w a l l s ,  is required f o r  the m a t e r i -  
zat ion of ana ly t i ca l  flows in the v i c i n i t y  of the  CE-characteristic. 
Calculations, rapidly conducted with the a i d  of e lec t ron  computer BESH-2, 
show, t h a t  the construction of the flow f i e l d  without p e c u l i a r i t i e s  on a 
cha rac t e r i s t i c ,  closing the channel intake,  is indeed possible at Is = 1.167, 
n = 2.366 and 82 = 0.629 Ax 

t h i r d  der iva t ives  of ve loc i ty  vector component spread along the  C: -cha- 
r a c t e r i s t i c  emer,Ping from the center. Axisymmetric flows with shock 
waves emerging at  the center  of nozzles with smooth wall6 do not e-t. 

. 

I n  such a flow, discont inoi t iee  of the 

The flow, r ea l i zed  at k = 1.157 and A2 2 0 . 6 2 9  AI, j u s t  as 
has in the  v i c i n i t y  the flow, analyzed in c2, 3 ] with k = 1 and A2 = AI, 

of the center  cf t h e  nozzle,an asymptotic character. The p e c u l i a r i t i e s  
present in i t  onset in the flow i t se l f ,  a t  the point  of i n t e r sec t ion  of 
the acoust ic  l i n e  w i t h  the symmetry axis, and not  i n  the walls; then 
they are carried toward the exhaust p a r t  of the channel. 

T h e f i e l d s o f  ve loc i t i e s  are obtained e s s e n t i a l l y  d i f f e r e n t  in the 
two indicated types of asymptotic flows. The ve loc i ty  increases  monotoni- 
c a l l y  along each of the current  l i n e s  i n  the flow. To the contrary, i n  

a gas flow with k = 1,157, t h e  d i s t r ibu t ion  of ve loc i ty  along the  lines 

of current  has two r e l a t i v e  extrema: a maximum between the acoust ic  l ine 
and the (!--characteristicland a minimum i n  the r e r ion  included between 
the CT -charac te r i s t ics .  I n  connection with t h a t ,  the  shape of the  curves 
u = const a t  k = 1,157, w i l l  have the form shown in Fig, 1. 

0 

In a l l  the remaining wntinuous as w e l l  as discontinuous flows 
0 along the C,- cha rac t e r i s t i c ,  closing the nozzze's intake,  e i t h e r  peculi- 

a r i t i e s  i n  the der iva t ives  of vezocity components propagate along 

* i n  t r a n s l i t e r a t i o n  
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t h e  coordinates. I n  formula (11) w e  have = 1, 2, 3, 4 respect ively 
at  4-12/17, ( 7 t 2  h'%!/l4, (26 f- 25m/41, 3 (7 + 1 . q ) / 2 8  

(56 + 2516)/231 4 (35 + 3v%)/29. When the values k -+ 2 and n -w 00 , the 

exponent A -e 5. Eence, w e  conclude t h a t  a t  l < k < . .  ( i + 2 l @ i ) / ] 4  a l l  
the  derivativesof veloci ty  coaponents, beginning with the t h i r d  ones, 
have i n f i n i t e  d i scont inui t ies ;  when (7 4- 27/%)/14 < k < (36 -C- 25v3/41, the  
i n f i n i t e  d i scont inui t ies  a r i s e  in the foorth and higher der ivat ives;  at  
(26 + 25)/g/41 < k < 3(7 i- trgl):28 t h e  i n f i n i t e  d i scon t inu i t i e s  have the  

f i f t h s  and higher der ivat ives;  f i na l ly ,  when 3 (7 -!- ] 4 \ / 2 8  < k < 2, a l l  

the der ivat ives  of the ve loc i ty  vector conponents, beginning with the 
e ix ths ,  undergo i n f i c i t e  discont inui t ies .  A t  k = (7 4- 2v%)/14, (26 -t 25 n ) / 4 1 ,  

3 (7 i- F%)i28 the  expansion (10) lose8 its s t r eng th  and i t  must be repla- 

and n = 17/11, 4 (21 -j- 2pT),,'51, 

ced by an expansion containing logari thrdc terms. I 

t l  

Fig. 1 Fig. 2 Fig. 3 

In  order t o  obtain the f a s t e s t  expandable flow beyond the 
Co - cha rac t e r i s t i c ,  i t  is necessary t o  e f f e c t  a jump from the point  C 

i n  the phase plane P I i n t o  the saddle  D[n*,  n(4-7 n - d25nz - 5& + 32)/21, 
and then move along the s e p a r a t r k  passing through it in the d i r ec t ion  

of the  i n f i n i t e l y  remote point  E, 
l i n e  y= - 2 F, and then r e tu rn  again along the extension of the  eepa- 
ratrix t o  the point C. The motion along the ind ica ted  integral curve of 
the  equation (7) in t h e  retrograde 1 r ec t ion  from the point  C t o  point D 
through E represents  the  flow from a l l  the continuous ones as the 
most slowly expanding beyond the  C: - charac te r i s t ic .  The construction 
of l i m i t  flows allows the finding of the  region of r a t i o  AZ/A1variation 

corresponding t o  shockless gas flows. The boundaries of t h i s  region are 
shown i n  Fig. 2. I n  flows with maximum expansion i n  the d i rec t ion  of 

-- + 

which is s i t u a t e d  on the straight 
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nozzle 's  exhaust, d isrupt ions of accelerations a r e  forming a t  the 
Cd- cha rac t e r i s t i c ,  and in those with minimum expansion - a t  the 
C:- cha rac t e r i s t i c  . 
center  of the channel and then is ca r r i ed  downward along the flow. 
For the construction of discontinuous flows we m u s t  choose such Integral 
curves of (71, which emerge from the point C i n  the d i rec t ion  of the 
point E, and whose extensions, beginning a t  E, are s i tua t ed  below the 
sepa ra t r ix  passing through the saddle I). Alomg such curves, the values 

I +- 00 at F + n2, and i n  the corresponding gas flows there  emerge 
boundary l i n e s ,  being envelopes of the C:- cha rac t e r i s t i c s  and bearing 
i n f i n i t e  values of accelerations.  Since the flow with i n f i n i t e  accelera- 
t i ons  is physically senseless ,  a shoc: wave m u s t  form in it p r i o r  t o  the 
emergence of the boundary l ine .  But i t  appears t o  be impossible t o  in t ro-  
duce a shock wave i n t o  a flow, where there  are no i n f i n i t e  accelerations.  
Le t  0s note that the  gas flow in the nozzle*s intake is not  disrupted 
at the onset of the densif icat ion jump. 

- 
In discontinuous flows the densif icat ion jump a r i s e s  at the 

The flow of gas behind the densif icat ion jump i n  var iables  P, 
must be p lo t ted  by a portion of the integral curve ( 8 ) .  Together with 
the e q u a l i t i e s  (91,  t h i s  condition defines the i n t e n s i t y  of the shock 
wave. For the computations i t  is simplest 
t o  u t i l i z e  the s t r a i g h t  integrat ion of the 
i n i t i a l  equation (51, subsequently convert- t Q 3 p  

w- 
ing the  r e s u l t s  in the plane F?. AB an Q? 

I P  
Rz- 

0 
example, we have shown in Fig. 3 the depen- 
dence f3- f2 
The dependence of the coordinate 12 of the  

on the constant 82 at k = 1.157. Fig. 4 

dens i f ica t ion  jump on the same constant is p lo t t ed  in Fig. 4. 
t i t y  A l m s  so se lec ted  t h a t  the posit ion of the CE-characterist ic be 
determinable by the equal i ty  
ance of the shock wave d i r e c t l y  at the point  of in te rsec t ion  of the  
acous t ic  aurve w i t h  the axis of the c i r cu la r  nozzle, i t  i t  necessary 
t o  send there perturbation6 along the Ci- charac te r i s t ic .  Truly, however, 

the indicated per turbat ions can be very weak, Thus the gas flows with 

The quan- 

f, = - 1. In order t o  induce the appear- 



k = t 7  -+ 2 I / x ) / I 4 .  (26 +251/2-)/41, 3(7+ v/91)/28 provide examples of shock 
wave formation ae a r e s u l t  of r e f l ec t ion  from the center of the nozzle 
of logarithmic p e c u l i a r i t i e e  respect ively i n  the thirds ,  f o u r t h s  and 

f i f t h s  der iva t ives  of Telocity components over the coordinates. It m u s t  
be s t r e s s e d  t h a t  the p e c u l i a r i t i e s ,  introduced t o  the center  along the 

C - c h a r a c t e r i s t i c ,  do not have any e s s e n t i a l  s ign i f icance  f o r  the ana- 
l y s i s  of the causes of shock wave formation in the v i c i n i t y  of the res- 
t r i c t i o n  (narrowing) of the channel, Shock wave arise as a r e s u l t  of 
appearance 
the acous t ic  l ine and inc l ined  downward along the  flow. If the f i e l d  of 
v e l o c i t i e s  preserves its ana ly t i ca l  character  a t  crossing the C--charac- 
t e r u s t i c ,  but i n  the whole corresponds t o  the  nozzle, i n  which a cont i -  
nuous flow cannot be achieved, the  dens i f ica t ion  jump onsets  somewhat 
t o  the r i g h t  of the t r a n s i t i o n a l  l i n e  in the supersonic region. 

. 

of an enveloppe a t  cha rac t e r i s t i c s  emerging from poin ts  of 

It follows from Fig, 2 ,  that  shock waves form i n  the  f l o w  only 
when the values of the r a t i o  +/A1 becomes lower than a s p e c i f i c  l i m i t .  
Hence, i t  is easy t o  obtain, t h a t  constructively,  the formation of shock 
waves near the  c r i t i c a l  c ross  eection of the nozzle is l inked w i t h  

too prolonged t r a n s i t i o n a l  par t ,  Thus, when construct ing nozeles, the 
t r a n s i t i o n a l  par t  should be made 88 shor t  as possible;  the increase of 
dis tance between the neck and the i n t a k e  of the channel l eads  t o  a 
slower expansion of the flow, and, i n  the end, t o  the appearnace of 
discont inui t ies ,  In the l imitcase,  the  ve loc i ty  behind the  dens i f ica t ion  
jump is equal in magnitude t o  the c r i t i c a l  one and is d i rec ted  along 
the axis of symmetry of the nozzle. 
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